INTRODUCTION
Charged porous particles are often used to model crosslinked polyelectrolytes such as ficoll sulfate (1) , hyperbranched polyelectrolytes such as sodium salt of aromatic polyester with carboxylic acid terminal group (2) and amphiphilic polymers (3) , and charged drug-delivery microspheres such as calciumbridged poly[bis(carboxylatophenoxy)phosphazene] (4). The electroviscous effect of these materials provides a means for particle characterization. The objective of this study is to investigate the charge effect on the apparent viscosity of a dilute suspension of charged porous spheres subject to a simple shear flow.
A charged particle in electrolyte solution attracts oppositely charged ions and repels ions of like charge. Thus, the particle is surrounded by a charge cloud with equal but opposite charge to its own. This charge cloud is referred to as an electrical double layer. A suspension of charged particles differs in its rheological behavior from a similar uncharged system. Conway and Dobry-Duclaux (5) have proposed three mechanisms to account for this effect. These are collectively called the electroviscous effects. The primary effect arises from additional energy dissipation due to the distortion of the charge cloud caused by the flow. Namely, the charge effect changes the stresslet strength, as compared to that for uncharged particles. The secondary effect stems from the change in microstructure caused by the interactions between charged particles, while the tertiary effect is associated with the change in conformation of charged macromolecules in solution. We are concerned with the primary effect in this paper.
Previous studies on the primary effect are all focused on a dilute suspension of charged impermeable particles. The fundamental equations are the coupled momentum equation, ion conservation equations, and Poisson's equation. Booth (6) first examined this effect for the case of charged spheres of radius a and constant surface potential ζ with the equilibrium electrical potential governed by the linearized Poisson-Boltzmann equation. He assumed that the charge cloud deviates slightly from its equilibrium state due to the imposed shear flow, and the modification of the flow field around the particles caused by the electrical body force is small. The latter assumption enables one to use the flow field around an uncharged particle to deal with the ion transport instead of solving the coupled equations. This case is characterized by small Hartmann number, which is the ratio of electrical to viscous force on the fluid element. It is estimated as Ha = εζ 2 /µ 0 D for κa ≤ O(1) and Ha = εζ 2 /µ 0 Dκa for κa 1 (7). Here ε is the permittivity, µ 0 is the viscosity of suspending fluid, D is the ion diffusivity, and κ −1 is the Debye length characterizing the double layer thickness. Based on a regular perturbation method, Booth's analysis predicted the apparent viscosity as an expansion in power of ζ 2 with coefficients as functions of κa. The leading-order charge effect on the viscosity is found to be O(Ha) and increasing with increasing charge cloud thickness. For a thin double layer, Russel (8) analyzed the case where the Hartmann number remains small, but the flow strength relative to the ion thermal motion can be arbitrary. Lever (9) dealt with a similar problem but for a thick double layer. He found that the deformation of the charge cloud becomes substantial and the increase in the bulk stress due to the charge effect is comparable to Einstein's result for uncharged particles. Sherwood (7) generalized the theory to allow for arbitrary Hartmann number and surface potential and conducted numerical calculations, but only for the case of weak double layer deformation. A similar full numerical investigation was conducted by Watterson and White (10) . For high Hartmann number, Sherwood found that the apparent viscosity can be large compared with the value for a corresponding uncharged system and pointed out the appearance of eddies around each particle. Analytic results for a thin double layer were later obtained by Hinch and Sherwood (11) . As for nonspherical particles, the primary electroviscous effect has also been studied under various assumptions (12) (13) (14) .
Since all the above theories dealt with rigid impermeable particles, they may not apply to the case of charged porous particles where the complexity is raised because of the flow within the particles. The only relevant work we are aware of is the theoretical study of the distortion effect on sedimentation of porous spheres (15) . In this paper, we investigate the primary electroviscous effect for charged porous spheres with constant permeability and fixed charge density in simple shear flow. The problem is analyzed under the assumptions that the equilibrium electrical potential is governed by the linearized Poisson-Boltzmann equation, and the distortion of the double layer is weak. However, the Hartmann number is not restricted to be small.
FORMULATION
We consider a dilute suspension of charged porous spheres with radius a, constant permeability k, and fixed volumetric charge density ρ p subject to a simple shear flow with G being the imposed velocity gradient tensor. Electrostatic and hydrodynamic interactions between the particles are all negligible. The suspending electrolyte contains several species of ions, each with number density n m and valence z m . The particle charge attracts small ions of opposite sign to form a surrounding ion cloud which is not electrically neutral. This leads to a nonuniform electrical potential φ governed by Poisson's equation,
where ε is the permittivity of the solution and is assumed identical inside and outside the particle, ρ is the solution charge density given by
e is the proton charge, and H is a step function equal to unity inside the sphere and zero otherwise. Far from any charged particle, the number densities of the ions attain limiting values n In the absence of flow, the ions obey the Boltzmann distribution. When the electrical energy |eφ 0 | is small compared to the thermal energy k B T , Eq. [1] can be linearized to become
where φ 0 is the equilibrium electrical potential, and κ −1 is the Debye screening length characterizing the thickness of the charge cloud, defined by
Ohshima (16) solved Eq. [2] analytically subject to the conditions of continuous electrical potential and field at the particle surface to obtain
where
is the equilibrium potential at the particle surface and r is the radial distance from the particle center. The solution charge density is given by
We assume the particles to be sufficiently small so as to neglect the inertial effect for fluid flow. With incorporation of the electrical body force, the fluid motion is governed by the Stokes equation
outside the particle, and by the Brinkman equation (17) 
inside the sphere, where u and p are the fluid velocity and pressure, and u p is the particle velocity. Note that we have assumed that the effective viscosity within the porous medium is equal to the viscosity of the outside fluid. In addition, the fluid velocity must fulfill the continuity equation
The imposed flow distorts the charge cloud from its equilibrium state. We assume that all ion species have an equal diffusivity D both inside and outside the particle. The ion flux can thus be expressed by
The three terms on the right-hand side of [10] represent the convection, electrical migration, and Brownian diffusion, respectively. The steady-state ion distribution must obey the conservation equation
Since we have assumed the electrical energy to be small compared with the thermal energy, the ion concentration differs only by O(eφ c /k B T ) from its faraway value (7), where φ c is the equilibrium potential at the particle center. Following Sherwood's analysis, we substitute [10] into [11] , neglect terms of O(eφ c /k B T ) 2 and higher, and sum over all ion species to obtain
The corresponding flux of charge density is
To determine u, p, ρ, and φ, one needs to solve Eqs. [1] , [7] - [9] , and [12] subject to boundary conditions. Far from the sphere, the perturbations to the applied flow, electrical potential, and charge density vanish. At the particle surface, the fluid velocity u, stress n · σ (n is the unit outward vector), electrical potential φ, electric field −∇φ, and the concentration and flux of each ionic species must be continuous. The last three conditions lead to continuous ρ and J on the particle surface. It should be noted that
is the hydrodynamic stress, and
is the Maxwell stress with I being the unit tensor. The extent of double layer deformation is characterized by the ion Peclet number. In order to simplify the analysis, we assume small Pe such that the electrical potential and solution charge density can be expanded as
where subscripts 0 and 1 denote the equilibrium value and the small perturbation, respectively. Substitution of the above expansions into [1] and [12] yields
It should be noted that the equilibrium potential and charge density contribute only an isotropic osmotic pressure and have no dynamical significance. Therefore, the leading-order electrical body force term in the momentum equation is O(Pe) and is given by ρ 0 ∇(φ 1 + ρ 1 /εκ 2 ) after again absorbing ∇ρ 1 φ 0 into the pressure. The ratio of the electrical to viscous force acting on the fluid is called the Hartmann number.
To estimate the Hartmann number, one needs to use a characteristic electric potential. For impermeable spheres, the Hartmann number is calculated using the constant particle surface potential. For porous particles with specified volumetric charge density, the particle surface potential is no longer constant, and varies with κa. Figure 1 presents the variation of dimensionless potential with the normalized radial variable for various κa. It can be seen from the figure that for a given ρ p , the electrical potential has a maximum at the particle center and is a monotonic decreasing function of κa. For convenience, we will choose the potential at the center of the porous sphere as the characteristic potential to estimate the Hartmann number in the present study.
The Hartmann number depends on the dimensionless particle permeability k 1 = k/a 2 , dimensionless double layer thickness (κa) −1 , and total particle charge Q = 4πa 3 ρ p /3. As can be seen from Eq. [18] , only the radial component of the fluid velocity leads to the ion cloud distortion because ρ 0 depends merely on r . To estimate the charge cloud distortion and the Hartmann number, we can use the flow field around an uncharged sphere in simple shear flow. For thick double layer κa ≤ O(1), the radial and tangential fluid velocities outside the particle are comparable. From Eq. [18] , ρ 1 is estimated to be
2 ) in Eq. [7] . The ratio between the two gives an estimate of the Hartmann number. Introducing the electrical potential at the particle center as the characteristic potential, we arrive at
(κa) 4 (e κa − κa − 1) 2 .
[21]
For thin double layer κa 1, the equilibrium electrical potential and charge density exhibit significant variation only near the particle surface, as shown in Fig. 1 . Therefore, the double layer deformation will take place mainly in this region. When the particle permeability is very high (k 1 ≈ 1), Eq. [19] remains valid because of comparable radial and tangential fluid velocities. For low permeability (k 1 1), however, the radial fluid velocity is much smaller than the tangential velocity near the sphere surface. When (κa) 
For very low permeability k 1 κ 2 a 2 ≤ O(1), the fluid velocity can be approximated by that for an impermeable particle. The ratio of radial to tangential velocity becomes O(κa) −1 (7). As a result,
Since the vorticity does not give rise to double layer deformation (8) , only the straining part of the shear flow, E = (G + G T )/2, needs to be taken into account. Based on the symmetry nature of the elongational flow and the linear behavior at low Reynolds number, we extend Sherwood's approach (7) to propose the following solution forms
outside the sphere, where x is the position vector from the particle center. Within the particle, g(r ), f (r ), n(r ), q(r ), and α(r ) in the above equations are respectively replaced by j(r ), h(r ), s(r ), t(r ), and β(r ). We substitute the above expressions into the governing equations and nondimensionalize all lengths by the particle radius to obtain
from the continuity equation [9] ,
[28c]
from Eq. [7] ,
[28e]
from Eq. [8] ,
from Eq. [17] , and Note that in [28] and thereafter, r is the radial coordinate normalized by a. Far from the particle, the perturbations to the imposed fluid flow, electrical potential, and charge density decay to zero; i.e., f, (g − 1), n, q → 0 as r → ∞.
[29]
Since ∇u, p, ρ 1 , and φ 1 should each be of unique value at the particle center, one has h = s = t = β = 0 at r = 0.
[30]
At the particle surface (r = 1), the conditions of continuous properties as mentioned earlier lead to
The governing equations [28] form a 16th-order set of ordinary differential equations. Since we have the boundary conditions at three points (r = 0, 1, and ∞), the standard techniques of solving a 1D boundary value problem (BVP) are not applicable. To circumvent this difficulty, we convert the problem into a two-point BVP by introducing a new independent variable δ = 1/r for the outside of the sphere, while δ remains r inside. All the derivatives in the differential equations and boundary conditions are then converted to those with respect to δ. In this way, the original problem can be converted to a two-point BVP (δ = 0, 1). It is noted that the transformation of the boundary conditions at r = 1 only results in sign change for f , q , and n in [31] . The new set of ordinary differential equations is solved using the routines in the IMSL package for two-point BVP, which adopt a variable order, variable step finite difference method with deferred corrections.
After solving for the flow field, electrical potential, and charge density numerically, we proceed to calculate the suspension stress. We follow Russel's approach (8), which is an adaptation of Batchelor's derivation (19) by incorporating the electrical effects for an impermeable charged sphere. Our analysis finds that Russel's expression for the particle stress
is also valid for porous particles. The proof is given in the Appendix. Here c is the number of particles per unit volume, A 0 refers to the surface of a particle with volume V 0 , and V is an arbitrary volume surrounding the particle, which satisfies V V 0 , κ 3 V 1, and cV 1. The electrical body force alters the flow of the fluid and thus modifies the surface integral in [32], compared to that for uncharged particles. Note that the volume integral attains its form in [32] because the O(Pe) correction for the electrical body force is taken into account.
For impermeable spheres, Sherwood (7) used reciprocal theorem, integration by parts, and the no-slip condition at the particle surface to simplify the particle stress to obtain the net contribution of the charge effect in terms of a 1D integral. This simplified expression cannot apply to porous spheres because the fluid can permeate and flow through the sphere.
Using 
and χ = 4πa 3 c/3 is the volume fraction of the particles. The intrinsic viscosity of the suspension can then be determined by
[36]
RESULTS AND DISCUSSION
Before presenting the results, we would like to use the reported data for ficoll sulfate (crosslinked polyelectrolyte) (1) to examine the ranges for various physical quantities. For ficoll sulfate particles with hydrodynamic radius of about 3 nm and can vary from 1 nm (ionic strength = 0.1 M) to 100 nm (ionic strength = 10 −5 M). However, since the Debye-Huckel approximation is used for the equilibrium electrical potential, W cannot be too large. For a charged flat surface, it has been pointed out (20) that the potential based on the Debye-Huckel approximation remains accurate as long as |eφ c |/k B T ≤ 2. Accordingly, we estimate that the largest W is about 10 for κa ≤ O(1) and 5(κa) 4 for κa 1. Therefore, the Hartmann number can be only as large as about O(10), inferred from [19] - [23] . The average permeability of a polymer coil normalized by the square of its gyration radius ranges typically from 0.01 to 0.1 (1) .
We now present and discuss our numerical results for the primary electroviscous effect of charged porous spheres. In order to examine the net charge effect on the suspension viscosity, we plot [µ] − [µ] un against W for k 1 = 0.01 and various κa in Fig. 2 , where
is the intrinsic viscosity of uncharged spheres with equal permeability (18) . It is evident from [37] that as k 1 tends to zero, the intrinsic viscosity approaches 5/2 for impermeable spheres. For uncharged porous particles, [µ] un decreases from 2.25 for k 1 = 0.001, to 1.7 for k 1 = 0.01, to 0.645 for k 1 = 0.1. As expected, Fig. 2 shows that the intrinsic viscosity increases with the particle charge. The net charge effect becomes stronger when the double layer gets thicker. It can also be seen from Fig. 2 that the difference in the intrinsic viscosity exhibits a linear relation with W (or Hartmann number). We use [19] -[23] to find that for W = 10, the Hartmann number is about 8.7, 2.8, and 0.012 for κa = 0.1, 1, and 5, respectively. Booth (6) used a regular perturbation method to find that for impermeable particles, the net charge effect is proportional to the Hartmann number. Our results in Fig. 2 imply that for porous spheres, the linear behavior remains valid at least for the Hartmann number up to about 10. For k 1 = 0.01, the increase in the intrinsic viscosity at W = 10 and κa = 0.1 has become substantial as compared to the intrinsic viscosity 0.645 for uncharged spheres.
To examine the influence of particle permeability on the primary electroviscous effect, we plot the variation of [µ]/[µ] un with k 1 for W = 10 and various values of κa in Fig. 3 . It can be found that as the permeability increases, the relative contribution of the charge effect becomes progressively important. This behavior can be understood by the increased ease of double layer deformation as the particle permeability increases. To illustrate the double layer distortion, we examine the change in charge density by considering the straining part of an applied shear flow
whereγ is the shear rate, and the x and y axes are the extensional and compressional axes, respectively. On the x − y plane (z = 0), the change in solution charge density can be expressed by inside the particle and by the same equation with function s replaced by n outside the particle, where θ is the angle measured from the x axis. Owing to the symmetry nature of the extensional flow, it is only necessary to investigate the behavior in the first quadrant. We find from the above expression that for a given r , ρ 1 is symmetric in magnitude about θ = 45
• , but has opposite signs on the two sides of θ = 45
• . Figure 4 presents the variations of s and n with dimensionless r for W = 10 and κa = 1. It can be seen from the figure that s and n are always negative, and their magnitudes increase with increasing permeability. The results reveal that more counterions are driven by the flow to accumulate in the region θ < 45
• , and thus the solution charge density is reduced in magnitude in the region θ > 45
• . As a result, a quadrupole moment of the charge distribution forms, analogous to the finding by Lever (9) and Sherwood (7) for impermeable particles. The charge cloud deformation causes the circular contours of charge density at equilibrium to deform into ellipse-like contours with the long axis in the x direction. Such an anisotropic ion distribution then induces a flow in the opposite direction to counteract the applied one.
It should be noted that despite the increase in the relative contribution, the intrinsic viscosity itself decreases with increasing dimensionless permeability for constant W and κa, as shown in Fig. 5 . For a very thick charge cloud, the porous sphere behaves as a point charge, so the particle stress is insensitive to the permeability inasmuch as the far-field flow plays a comparatively important role in the ion cloud deformation. Despite not showing the result in Fig. 5 , our numerical calculation does find that the intrinsic viscosity (≈14) becomes very weakly dependent upon the permeability for κa = 0.01. For very large W and thick double layer, our numerical computations for the fluid flow predict the occurrence of eddies around the particle, similar to what Sherwood (7) pointed out for impermeable charged sphere. This can be attributed to a substantial flow modification caused by the electric quadrupole moment associated with the double layer deformation. In spite of the interesting, versatile behavior of eddies as to their number and rotation directions obtained from our numerical computations, we do not intend to show the results of streamlines. The reason is that such large W (or Hartmann number) is beyond the validity range for linearization of the Poisson-Boltzmann equation adopted in our analysis. Nonetheless, this finding implies the possibility of observing eddies experimentally, provided that the particles carry sufficient charge. It is also encouraged to develop a theory using the Poisson-Boltzmann equation without linearization to verify the existence of eddies and study their behavior.
CONCLUSIONS
We have presented the formulation and conducted numerical calculations for the primary electroviscous effect of charged porous spheres without restriction to a small Hartmann number. The effect of double layer deformation caused by the imposed flow is twofold. First, the electrical interaction between the distorted ion cloud and the particle charge leads to part of the particle stress. Second, the electrical body force associated with the cloud distortion modifies the fluid flow, compared to that for an uncharged sphere. The numerical results have revealed that the additional stress due to the charge effect increases with increasing particle permeability. However, the overall stress remains reduced as the permeability increases, analogous to the behavior of uncharged porous particles.
Finally, we would like to address the extensibility of the present formulation. The theoretical analysis was carried out by assuming the porous spheres to be rigid and to possess a constant volumetric charge density and porosity. Some polyelectrolytes are flexible, however, and hence their conformations change in an applied flow. To take into account chain flexibility, Jiang and Chen (21) recently used a charged dumbbell model to investigate the coupled primary and tertiary effects in extensional flow. They found that the double layer distortion enhances the average chain elongation. For crosslinked or hyperbranched polyelectrolytes with certain flexibility, it would be a difficult task to develop a theory even by simply using a constant elastic modulus for the particle since the particle deformation is coupled with the other equations. In spite of specifying the particle charge density, the present analysis can be easily modified for the case of constant surface potential or for charge-regulated condition, which will lead to changes in the equilibrium potential and the solution charge density. If the volumetric charge density of a particle varies radially, our formulation can also be applied by first numerically solving for the equilibrium electrical potential and solution charge density and then making a corresponding change in the equations for the double layer distortion. As for a radially varying porosity, Eqs.
[28] remain valid with k 1 being a function of r .
